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Abstract
We will consider two scalar differential operators L and M. We call them scalar
because their coefficients are functions rather than matrices. Our aim is to ob-
tain some gauge invariant equations. In order to achieve this goal we firstly find
the gauge invariants of L and M by using the gauge transformation on L and M.
And then by using the Lax equation, [L,M ] = 0, we have some differential equa-
tions in the invariant forms. After that we derive The Kadomtsev-Petviashvili
(KP) equation as an example.

¨
Ozet

L ve M’yi iki skaler diferansiyel operatör olarak gözönüne alalım. Burada L
ve M skaler operatörlerdir, çünkü bu operatörlerin katsayıları matrisler deg̃il
fonksiyonlardır. Bizim amacımız ’gauge invariant’ denklemlerini elde etmek-
tir. Bu amaca ulas.mak için ilk önce L ve M üzerinde ’gauge transformasyon’
kullanarak L ve M nin ’gauge invariant’ larını bulacag̃ız. Daha sonra Lax den-
klemini, [L,M ] = 0, kullanarak invariant form’da bazı diferansiyel denklemler
elde edeceg̃iz. Burada Kadomtsev-Petviashvili (KP) denklemi bir örnek olarak
kars. ımıza çıkacaktır.
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1 Introduction

Let L and M be two operator functions such that

L = ∂t + ∂2
x + u∂x + v (1)

M = ∂y + ∂3
x + a∂2

x + b∂x + c (2)

where u, v, a, b and c are functions of x, y and t.
Consider the commutativity representation [ L,M ] = 0, i.e. L and

M are a Lax pair [2].

2 Invariants for L and M

We will use the gauge transformation [1] on L and M in order to get
invariants for L and M .

2.1 Invariants for L = ∂t + ∂2
x + u∂x + v

g−1Lg = L̃

Therefore,

g−1(∂t + ∂2
x + u∂x + v)g = ∂t + ∂2

x + ũ∂x + ṽ ⇒

g−1(∂t.g) + g−1(∂2
x.g) + ug−1(∂x.g) + v = ∂t + ∂2

x + ũ∂x + ṽ ⇒

g−1(gt+g∂t)+g−1(gxx+2gx∂x+g∂2
x)+ug−1(gx+g∂x)+v = ∂t+∂2

x+ũ∂x+ṽ ⇒

∂t+∂2
x +(u+2g−1gx)∂x+v+g−1gt+ug−1gx+g−1gxx = ∂t+∂2

x + ũ∂x+ ṽ

Therefore, we obtain

ũ = u + 2g−1gx (3)

ṽ = v + g−1gt + ug−1gx + g−1gxx (4)

So,
ũ = u + 2g−1gx ⇒
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g−1gx =
1
2
(ũ − u) (5)

In the equation (5), by taking derivative both sides with respect to x,
we obtain

g−1gxx =
1
2
(ũ − u)x + (g−1gx)2

If we substitute the equation (5) in the above equation, we have

g−1gxx =
1
2
(ũ − u)x +

1
4
(ũ − u)2

Therefore, by substituting g−1gx and g−1gxx in the equation (4), we
have

g−1gt = ṽ − v − 1
2
(ũ − u)x +

1
4
(u2 − ũ2)

Since (g−1gx)t = (g−1gt)x,

1
2
(ũ − u)t = ṽx − vx − 1

2
(ũ − u)xx +

1
2
(uux − ũũx)

By multiplying both sides by 2, we obtain

ũt + ũxx + ũũx − 2ṽx = ut + uxx + uux − 2vx

Let

J = ut + uxx + uux − 2vx (6)

This is an invariant for the operator function L [3], where L is defined
in (1).

2.2 Invariants for M = ∂y + ∂3
x + a∂2

x + b∂x + c

g−1Mg = M̃

Therefore,

g−1(∂y + ∂3
x + a∂2

x + b∂x + c)g = ∂y + ∂3
x + ã∂2

x + b̃∂x + c̃ ⇒
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g−1(∂y.g)+g−1(∂3
x.g)+ag−1(∂2

x.g)+bg−1(∂x.g)+c = ∂y+∂3
x+ã∂2

x+b̃∂x+c̃ ⇒

g−1(gy+g∂y)+g−1(gxxx+3gxx∂x+3gx∂2
x+g∂3

x)+ag−1(gxx+2gx∂x+g∂2
x)

+bg−1(gx + g∂x) + c = ∂y + ∂3
x + ã∂2

x + b̃∂x + c̃ ⇒

∂y +∂3
x +(a+3g−1gx)∂2

x +(b+2ag−1gx +3g−1gxx)∂x +c+g−1gy +bg−1gx

+ag−1gxx + g−1gxxx = ∂y + ∂3
x + ã∂2

x + b̃∂x + c̃

So, we obtain

ã = a + 3g−1gx (7)

b̃ = b + 2ag−1gx + 3g−1gxx (8)

c̃ = c + g−1gy + bg−1gx + ag−1gxx + g−1gxxx (9)

Now, from the equation (7), we have

g−1gx =
1
3
(ã − a) (10)

In the equation (10), by taking derivative both sides with respect to x,
we obtain

g−1gxx =
1
3
(ã − a)x + (g−1gx)2

If we substitute g−1gx (10) in the above equation, we get

g−1gxx =
1
3
(ã − a)x +

1
9
(ã − a)2 (11)

We know that b̃ = b + 2ag−1gx + 3g−1gxx (8)
By substituting g−1gx (10) and g−1gxx (11) in the equation (8 ), we have

b̃ = b +
2
3
a(ã − a) + (ã − a)x +

1
3
(ã − a)2 ⇒

ãx +
1
3
ã2 − b̃ = ax +

1
3
a2 − b (12)
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Let

I = ax +
1
3
a2 − b (13)

I is an invariant for the operator function M , where M is defined in (2).
Now, consider the equation (9), which is

c̃ = c + g−1gy + bg−1gx + ag−1gxx + g−1gxxx

In the equation (11), if we take derivative both sides w.r.t. x, we have

g−1gxxx =
1
3
(ã − a)xx +

2
9
(ã − a)(ã − a)x + (g−1gx)(g−1gxx)

By substituting g−1gx (10) and g−1gxx (11) in the above equation, we
obtain

g−1gxxx =
1
3
(ã − a)xx +

1
3
(ã − a)(ã − a)x +

1
27

(ã − a)3 (14)

If we substitute g−1gx (10), g−1gxx (11) and g−1gxxx (14) in the equation
(9),
we get the following expression

c̃ = c+g−1gy+
1
3
ãb−1

3
ab+

1
3
ã(ã−a)x+

1
9
a(ã−a)2+

1
3
(ã−a)xx+

1
27

(ã−a)3

From the equation (12), we can easily obtain

b = ax +
1
3
a2 − ãx − 1

3
ã2 + b̃

By substituting b in the 1
3 ãb term, the equation above becomes

c̃ = c + g−1gy +
1
3
(ã − a)xx − 1

3
ab +

1
3
ãb̃ +

2
27

a3 − 2
27

ã3

By multiplying 3 and then taking the derivative with respect to x,
the equation above becomes

3c̃x = 3cx + 3(g−1gy)x + (ãxx − 2
9
ã3 + ãb̃)x − (axx − 2

9
a3 + ab)x (15)
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Applying equation (10), which is

g−1gx =
1
3
(ã − a)

By taking the derivative both sides w.r.t y, we have

(g−1gx)y =
1
3
(ã − a)y

Since (g−1gx)y = (g−1gy)x,

(g−1gy)x =
1
3
(ã − a)y

So,
if we substitute this last expression above in the equation (15), we obtain

ãy + (ãxx − 2
9
ã3 + ãb̃)x − 3c̃x = ay + (axx − 2

9
a3 + ab)x − 3cx

Let

K = ay + (axx − 2
9
a3 + ab)x − 3cx (16)

where K is an invariant for the operator function M .
Summarise all invariants for the operator functions L and M :

J = ut + uxx + uux − 2vx

I = ax +
1
3
a2 − b

K = ay + (axx − 2
9
a3 + ab)x − 3cx

3 The Commutativity Equations

[L,M ] = 0 ⇒

[∂t + ∂2
x + u∂x + v, ∂y + ∂3

x + a∂2
x + b∂x + c] = 0 ⇒

(∂t+∂2
x+u∂x+v)(∂y+∂3

x+a∂2
x+b∂x+c)−(∂y+∂3

x+a∂2
x+b∂x+c)(∂t+∂2

x+u∂x+v) = 0
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By doing some calculations, we have
ct + cxx + ucx − vy − vxxx − avxx − bvx +(bt + bxx +2cx + ubx − uy −

uxxx − 3vxx − auxx − 2avx − bux)∂x + (at + axx + 2bx + uax − 3uxx −
3vx − 2aux)∂2

x + (2ax − 3ux)∂3
x = 0

Therefore, we obtain the following equations:

2ax − 3ux = 0 (17)

at + axx + 2bx + uax − 3uxx − 3vx − 2aux = 0 (18)

bt + bxx + 2cx + ubx − uy − uxxx − 3vxx − auxx − 2avx − bux = 0 (19)

ct + cxx + ucx − vy − vxxx − avxx − bvx = 0 (20)

So,
(17) ⇒ 2ax − 3ux = 0 ⇒

ax =
3
2
ux ⇒ a =

3
2
u+α(t, y), where α is an arbitrary function of t and y.

Let us choose α = 0. Then, we have

a =
3
2
u (21)

(18) ⇒ at + axx + 2bx + uax − 3uxx − 3vx − 2aux = 0

Since I = ax + 1
3a2 − b (13),

b = ax +
1
3
a2 − I (22)

Therefore,

bx = axx +
2
3
aax − Ix

If we substitute bx in the equation (18), then the equation (18) becomes

at + 3axx +
4
3
aax − 2Ix + uax − 3uxx − 3vx − 2aux = 0
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In the above equation if we put a = 3
2u (21), then we obtain

3
2
ut +

3
2
uxx +

3
2
uux − 2Ix − 3vx = 0

Multiplying both sides by 2, we get

4Ix = 3(ut + uxx + uux − 2vx)

Therefore, we obtain

Ix =
3
4
J (23)

where J = ut + uxx + uux − 2vx.

(19) ⇒ bt + bxx + 2cx + ubx − uy − uxxx − 3vxx − auxx − 2avx − bux = 0

We already know that b = ax + 1
3a2 − I (22)

Since a = 3
2u (21),

b =
3
2
ux +

3
4
u2 − I (24)

Therefore,

bt =
3
2
(uxt + uut) − It

and

bx =
3
2
(uxx + uux) − Ix ⇒ bxx =

3
2
(uxxx + u2

x + uuxx) − Ixx

From equation (16), we have

cx =
1
3
[ay + (axx − 2

9
a3 + ab)x − K] (25)

Since a = 3
2u and b = 3

2ux + 3
2u2 − I,

cx =
1
2
uy +

1
2
uxxx +

3
8
u2ux +

3
4
u2

x − 1
2
uxI +

3
4
uuxx − 1

2
uIx − 1

3
K (26)

Hence, if we substitute a(u), b(u, I), bt(u, I), bx(u, I), bxx(u, I) and
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cx(u, I,K) in the equation (19), we obtain

3
2
uxt+

3
2
uut−It+

3
2
uxxx+

3
2
u2

x+3uuxx−Ixx+
3
2
u2ux−2uIx−2

3
K−3vxx−3uvx = 0

⇒
3
2
(ut+uxx+uux−2vx)x+

3
2
u(ut+uxx+uux−2vx)−It−Ixx−2uIx−2

3
K = 0

Since J = ut + uxx + uux − 2vx (6), the equation above becomes

3
2
Jx +

3
2
uJ − It − Ixx − 2uIx − 2

3
K = 0 (27)

So,
if we substitute Ix = 3

4J (23) in the equation (27), we obtain

K =
9
8
Jx − 3

2
It (28)

(20) ⇒ ct + cxx + ucx − vy − vxxx − avxx − bvx = 0

In the equation (25), if we integrate both sides w.r.t. x, then we have

c =
1
3
(
∫

aydx + axx − 2
9
a3 + ab −

∫
Kdx) + β(t, y)

where β is an arbitrary function of t and y. Choose β = 0. Therefore,

ct =
1
3
(
∫

aytdx + axxt − 2
3
a2at + atb + abt −

∫
Ktdx)

Since a = 3
2u and b = 3

2ux + 3
4u2 − I (24), the equation above becomes

ct =
1
2

∫
uytdx+

1
2
uxxt+

3
8
u2ut+

3
4
utux−1

2
utI+

3
4
uuxt−1

2
uIt−1

3

∫
Ktdx

In the equation (26), if we take derivative of both sides w.r.t. x, then
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we can easily get

cxx =
1
2
uxy+

1
2
uxxxx+

3
4
uu2

x+
3
8
u2uxx+

9
4
uxuxx−1

2
uxxI−uxIx+

3
4
uuxxx−1

2
uIxx−1

3
Kx

Also from invariant J = ut + uxx + uux − 2vx (6), we can have

vx =
1
2
(ut + uxx + uux − J) (29)

By integrating the equation above w.r.t. x, we get

v =
1
2
(
∫

utdx + ux +
1
2
u2 −

∫
Jdx) + γ(t, y)

where γ is an arbitrary function of t and y. Choose γ = 0, so that

vy =
1
2
(
∫

utydx + uxy + uuy −
∫

Jydx)

In the equation (29), if we take derivative both sides w.r.t. x twice,
then we obtain vxx and vxxx respectively:

vxx =
1
2
(uxt + uxxx + u2

x + uuxx − Jx),

vxxx =
1
2
(uxxt + uxxxx + 3uxuxx + uuxxx − Jxx)

Hence, if we substitute a, b, ct, cx, cxx, vy, vx, vxx and vxxx in the equa-
tion (20), where a = a(u), b = b(u, I), c = c(u, I,K) and v = v(u, J) then
we obtain

−1
3Kx + 1

2Jxx − 1
3

∫
Ktdx + 1

2

∫
Jydx + 3

4uxJ + 3
8u2J − 1

2IJ + 3
4uJx −

1
2u2Ix − 1

3uK − 1
2uIt − uxIx − 1

2uIxx = 0
If we substitute Ix = 3

4J (23) in the above equation, then we obtain

−1
3
Kx +

1
2
Jxx− 1

3

∫
Ktdx+

1
2

∫
Jydx− 1

2
IJ +

3
8
uJx− 1

3
uK − 1

2
uIt = 0

Similarly by substituting K = 9
8Jx − 3

2It (28) in the last equation,
then the equation above becomes
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1
2

∫
Jydx − 1

2
IJ +

1
2
Jxx − 1

3
Kx − 1

3

∫
Ktdx = 0

In the above equation, if we take derivative of both sides with respect to
x and multiply by ’-1’, then we obtain the following invariant equation

1
3
Kt +

1
3
Kxx − 1

2
Jy − 1

2
Jxxx +

1
2
(IJ)x = 0 (30)

Summarise all invariant equations:

Ix =
3
4
J

K =
9
8
Jx − 3

2
It

1
3Kt +

1
3
Kxx − 1

2
Jy − 1

2
Jxxx +

1
2
(IJ)x = 0

4 Conclusion

If we put I = −3
2q in the equation (23),Ix = 3

4J , then we obtain

J = −2qx (31)

Also, by substituting I = −3
2q and J = −2qx in the equation (28), which

is
K =

9
8
Jx − 3

2
It

Then we can rewrite K in the term of q

K = −9
4
qxx +

9
4
qt (32)

Now, let us consider the invariant equation (30):

1
3
Kt +

1
3
Kxx − 1

2
Jy − 1

2
Jxxx +

1
2
(IJ)x = 0
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Since I = −3
2q, J = −2qx (31) and K = −9

4qxx + 9
4qt (32),

the equation above becomes

−qxy − 3
2
q2
x − 3

2
qqxx − 1

4
qxxxx − 3

4
qtt = 0

If we multiply both sides by ’-4’, then we easily get

4qxy + 6q2
x + 6qqxx + qxxxx + 3qtt = 0

⇒ (4qy + 6qqx + qxxx)x + 3qtt = 0

By swapping y and t in the above equation, we finally obtain the follow-
ing equation

(4qt + 6qqx + qxxx)x + 3qyy = 0 (33)

which is KP equation.
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